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approach toward a comprehensive understanding of biological systems composed of diverse phenomena. However, the variety
of the models is narrower than the actual diverse phenomena because of the difficulty in coupling independent models sepa-
rately studied in different disciplines for the actual coupled phenomena. In this study, we develop a mathematical model coupling
an enzymatic reaction and mineralization formation. As a test case, we selected an in vitro transcription system where a tran-
scription reaction occurs along with the precipitation formation of magnesium pyrophosphate (Mg2PPi). To begin, we experimen-
tally elucidated how the transcription reaction and the precipitation formation are coupled. In the analysis, we applied
a Michaelis-Menten-type equation to the transcription reaction and a semiempirical equation describing the correlation between
the induction period and the supersaturation ratio to the precipitation formation, respectively. Based on the experimental results,
we then integrated these twomodels. These models were connected by supersaturation that increases as the transcription reac-
tion proceeds and becomes the driving force of the precipitation. We believe that our modeling approach could significantly
contribute to the development of newer multiphysics models in systems biology such as bone metabolic networks.INTRODUCTIONBiological systems are composed of diverse phenomena and
their interactions. The study of the biological systems
composed of diverse phenomena in living organisms is
a key factor in advancing our system-level understanding
of biological systems. Multiphysics modeling, which inte-
grates the models studied in different disciplines so far, is
a powerful technique to analyze and understand such
complex biological systems. Unlike most models that are
based only on reaction kinetics, multiphysics modeling
faces difficulty in coupling different types of models that
have been separately studied in different disciplines. Deep
understanding of interaction mechanisms by which the sepa-
rate phenomena are coupled is also required.
The number of phenomena for which models have been
proposed is limited when compared with the actual number
of diverse phenomena. Hence, it is important to propose and
study a variety of models that can be used toward a more
comprehensive understanding of biological systems.
In living organisms, there are the phenomena involving
the coupling of enzymatic reactions and mineralization
(precipitation, calcification, and crystallization). For exam-
ple, bone metabolic networks are composed of a series of
enzymatic reactions and hydroxyapatite crystal formation
(1). The models for these two phenomena have been inde-
pendently studied. As is well known, enzymatic reactions
have been analyzed based on reaction kinetics and modeled
based on the rate equation or the Michaelis-Menten equa-
tion. Other modeling frameworks such as generalizedSubmitted July 6, 2011, and accepted for publication December 6, 2011.
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0006-3495/12/01/0221/10 $2.00mass action, S-system (2,3), and lin-log kinetics (4) have
been studied to analyze a large system and its dynamic
behavior.
On the other hand, mineralization can be separated into
two processes—nucleation (which we address in this article)
and particle growth. Nucleation is important because it
determines whether mineralization occurs through a phase
transition from liquid to solid. Nucleation occurs when a
solution is supersaturated, and a delay time from the estab-
lishment of supersaturation to the experimental detection of
nucleation exists (5–7). The delay time is known as the
induction period. According to a semiempirical correlation
(6,8,9) or classical nucleation theory (7,10,11), nucleation
is modeled by the relational expression of the supersatura-
tion ratio, which is the degree of the supersaturation, and
its induction period. Several models for enzymatic reactions
and mineralization have been intensively studied; however,
to our knowledge, a model coupling enzymatic reactions
and mineralization has not been proposed thus far.
The purpose of our study is to develop a multiphysics
model coupling an enzymatic reaction and mineralization
by taking nucleation into consideration. We analyzed an
in vitro transcription reaction as a test case, because it has
been known that the two dominant phenomena of an enzy-
matic reaction and a precipitation formation occur in
the system. In the enzymatic reaction, RNA polymerase
(RNAP) produces RNA, the main product, and pyrophos-
phate (PPi), the byproduct, with Mg2þ as a cofactor.
PPi released by the reaction binds with Mg2þ to form
Mg2PPi, which is easy to precipitate. The influence of this
Mg2PPi precipitation on the transcription reaction has
been investigated because the precipitation affects thedoi: 10.1016/j.bpj.2011.12.014
222 Akama et al.productivity of RNA in the transcription reaction (12–14).
In one study, Young et al. (14) developed a mathematical
model for analyzing the productivity of RNA. In addition,
Arnold et al. (15) developed a mathematical model of
in vitro transcription involving Mg2PPi precipitation from
the standpoint of kinetics study. However, these studies
have not considered the supersaturated state of Mg2PPi
and the nucleation of the Mg2PPi precipitation formation.
In our study, we first conducted experimental analyses of
the test reaction and subsequently developed a model to
explain the reaction.
In the experimental section of the study, we measured the
time course of the production of RNA and PPi as a first step
toward understanding the system. Based on these time-
course results, we conducted three experiments to investi-
gate the synthesis rate in the transcription reaction, the
induction period of the Mg2PPi precipitation formation,
and the influence of the precipitation on the transcription
reaction. We confirmed the existence of the induction period
by measuring the time course of turbidity in the solution and
analyzed the relationship between the induction period and
the supersaturation ratio by using the empirical correlation.
Based on these results, we considered the behavior of
precipitation formation during the in vitro transcription
reaction. In the modeling phase, we developed a model
based on the experimental results and performed numerical
simulations to verify the model. The model was developed
by incorporating the induction period as the delay time in
the model of the transcription reaction. By comparing the
results of the numerical simulations with those obtained
from the experiments, we validated our developed model.
Our modeling approach can potentially enable the develop-
ment of mathematical models for analyzing bone metabolic
networks.MATERIALS AND METHODS
In vitro transcription assay
The standard transcription mixture was composed of 7.4 nM linear template
DNA, 0.1 mM T7 RNAP, 8 mM Mg(OAc)2, 0.8 mM of each NTP, 5 mM
Dithiothreitol, 2 mM Spermidine, and 40 mM Tris-HCl (pH 8.0). The linear
template DNA was amplified from the pk7-CAT plasmid (16) by poly-
merase chain reaction using PrimeSTAR HS DNA polymerase (Takara
Bio, Shiga, Japan) and purified using an Illustra GFX PCR Purification
Kit (GE Healthcare UK, Little Chalfont, UK). The length of the transcribed
RNAwas 868 nt, and the numbers of each of the composite bases (A, G, C,
and U) were 231, 202, 189, and 246 nt, respectively. T7 RNAP was
prepared in-house according to a previously described method (17). The
reaction was performed on a 30–130 mL scale at 37C. Each assay in our
study was conducted after incubation for different lengths of time.Measurement of RNA, PPi, Mg, and turbidity
The RNA concentration was quantified using a RiboGreen RNA Quantita-
tion Kit (Molecular Probes, Eugene, OR). A 100-mL sample was mixed
with 100 mL of the 200-fold diluted RiboGreen reagent in a 96-well plate,
and the fluorescence (Ex. 485 nm, Em. 535 nm) was measured using anBiophysical Journal 102(2) 221–230ARVO HTS 1420 multilabel counter (PerkinElmer, Waltham, MA). The
PPi concentration was quantified using a Pyrophosphate reagent (Sigma-
Aldrich, St. Louis, MO). A 200-mL sample was mixed with 100 mL of Pyro-
phosphate reagent in a 96-well plate. The Mg concentration was quantified
using a QuantiChromMagnesium Assay Kit (BioAssay Systems, Hayward,
CA). The other procedures that are not described in this section were carried
out according to the manufacturer’s protocols. Turbidity was measured as
the absorbance at 405 nm (18) using an ARVO HTS 1420 multilabel
counter (PerkinElmer).Time-course assay
For the time course of RNA and PPi, a 30-mL transcription mixture was
prepared for each time point. After incubation, the mixture was centrifuged
at 15,000 rpm for 1 min. A 5-mL supernatant was obtained from the mixture
and diluted with 195 mL of TE buffer (10 mM Tris-HCl, pH 8.0, 1 mM
EDTA). This solution was used for the measurement of PPi concentration.
The remaining transcription mixture solution (25 mL) was diluted 400-fold
with TE buffer, and this solution was used for the measurement of RNA
concentration. When the white precipitation of Mg2PPi was observed, the
solution was vortexed until the pellet of the precipitation was no longer
evident.
For the time course of RNA, PPi, Mg, and turbidity, a 130-mL transcrip-
tion mixture was prepared for each time point. After incubation, the
transcription mixture was vortexed. A 100-mL suspended mixture was ob-
tained from the transcription mixture for the measurement of turbidity.
Subsequently, a 5-mL suspended mixture was taken from the 30-mL remain-
ing transcription mixture solution and diluted 400-fold with TE buffer. This
solution was used for the measurement of RNA concentration. Furthermore,
the 25-mL remaining transcription mixture solution was centrifuged at
15,000 rpm for 1 min, and two 5-mL supernatants were obtained from
this solution. One supernatant was diluted with 195 mL of TE buffer for
the measurement of PPi concentration, and the other supernatant was
diluted with 45 mL of 10% trichloroacetic acid for the measurement of
Mg concentration. The procedures for the measurement of Mg concentra-
tion were based on those in the study by Kim et al. (19).Equilibrium calculation of ionic species
The equilibrium relations and their association constants used in the calcu-
lations were as follows: pKHNTP¼ 6.95, pKMgNTP¼ 4.42 (15), pKMg2NTP¼
1.69, pKMgHNTP ¼ 1.49, pKHPPi ¼ 8.94, pKMgPPi ¼ 5.42, pKMg2PPi ¼ 2.33,
pKH2PPi ¼ 6.13, pKMgHPPi ¼ 3.05, and pKTrisþ ¼ 8.1 (15). The association
constants were based on Kern and Davis (12) unless otherwise stated. The
mass balance equations are

Mg2þ

total
¼ Mg2þ
free
þ MgNTP2þ 2½Mg2NTP
þ MgHNTPþ MgPPi2þ 2½Mg2PPi
þ MgHPPi;
(1)

NTP4
 ¼ NTP4 þ HNTP3þ MgNTP2
total free
þ ½Mg2NTP þ

MgHNTP

; (2)

PPi4
 ¼ PPi4 þ HPPi3þ MgPPi2
total free
þ ½Mg2PPi þ

H2PPi
2þ MgHPPi; (3)
½Tris ¼ ½Tris þ Trisþ; (4)total free
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Hþ
 ¼ Hþ þ HNTP3þ MgHNTP
total free
þ HPPi3þ 2H2PPi2
þ MgHPPi
þ Trisþ: (5)
The concentrations of ionic species were calculated by substituting the
appropriate equilibrium equations and given total concentrations into themass balance equations. A method proposed by Storer and Cornish-Bowden
(20) was used for the iterative calculation of the ionic concentration. The
total concentrations of Mg, NTP, and PPi were varied depending on the
initially added concentration and the progress of the transcription reaction.
The total Tris concentration was kept constant at 40 mM. The total H
concentration was kept constant at 25 mM. When the transcription reaction
was conducted, the total H concentration was varied from 25 mM as the
reaction proceeded.A DMeasurement and analysis of induction period
The standard transcription mixture was modified by eliminating the
template DNA. Various concentrations of tetrasodium pyrophosphate solu-
tion were added to this mixture to vary the PPi concentration in the mixture.
A 120-mL mixture was prepared for each time point. After incubation, the
mixture was vortexed, and a 100-mL suspended mixture was obtained for
the measurement of turbidity.
To extract the induction period from the time course of turbidity in the
analysis of precipitation, we conducted a fitting procedure using a sigmoidal
curve described by (21)
y ¼ ymin þ ymax  ymin
1þ e
tt1=2
t
(6)
and the induction time is given by t1/2  2t. The supersaturation ratio (U)
was calculated by using the equationB EU ¼ ðaMg2þÞ
2ðaPPi4Þ
Ksp
¼ ðgMg2þÞ
2ðgPPi4Þ½Mg2þ2free½PPi4free
Ksp
z
½Mg2þ2free½PPi4free
Ksp
;
(7)
where a denotes the activity of ions, g denotes the activity coefficient of
ions, and Ksp denotes the solubility product of Mg2PPi. In our study, weC Fassumed that the activity coefficients were 1.0. The solubility coefficient
Ksp is 2.5  104 mM3 (H. Nanbu, K. Nakata, N. Sakaguchi, and Y. Yama-
zaki. 2000. Mineral composition, U.S. Patent 6,074,675). In Eq. 7, when
U ¼ 1, Mg2PPi is in equilibrium. When U < 1, Mg2PPi is undersaturated
and when U > 1, Mg2PPi is supersaturated; precipitation can start at this
state. All of the fitting procedures were carried out using MATLAB (The
MathWorks, Natick, MA).FIGURE 1 Experimentally measured time course of RNA and PPi simul-
taneously measured from the same sample at (A and D) T7 RNAP concen-
trations varying from 0.05 to 0.8 mM, (B and E) each of the NTP
concentrations varying from 0.4 to 4.0 mM, and (C and F) Mg(OAc)2
concentrations varying from 2 to 20 mM. The time points were 0, 5, 15,
30, 45, 60, 75, 90, 105, and 120 min. (Error bars) Standard deviation of
duplicate experiments. The details of this experiment are described in Mate-
rials and Methods.RESULTS
Time-course analysis of RNA and PPi under
several conditions
We first measured the time course of RNA and PPi
quantities at various concentrations of the dominant factors
in the transcription reaction—T7 RNAP, NTP, and
Mg(OAc)2—to understand how each factor influences the
transcription reaction. The condition of the mixture at
0.1 mM T7 RNAP, 0.8 mM NTP, and 8 mM Mg(OAc)2
concentrations was set as the standard condition.First, we focused on the synthesis rate of RNA. When the
T7 RNAP and Mg(OAc)2 concentrations were increased, the
synthesis rate in the initial part of the reaction increased and
subsequently gradually saturated over the latter part of the
reaction. On the other hand, when the NTP concentration
was increased, the synthesis rate increased up to a concentra-
tion value of 1.6 mM; subsequently, it sharply decreased
with increasing NTP concentration.
Second, we focused on the duration time of the tran-
scription reaction. When analyzed in terms of T7 RNAP
(Fig. 1 A), the duration time generally decreased as the
concentration of T7 RNAP increased. On the other hand,
when analyzed in terms of NTP (Fig. 1 B), the duration
time increased as the NTP concentration was increased up
to a value of 1.6 mM. At higher NTP concentrations (3.2
and 4.0 mM), the reaction persisted for >120 min. When
the reaction was analyzed in terms of Mg(OAc)2 (Fig. 1 C),
the duration time increased as the Mg(OAc)2 concentration
increased from 8 to 14 mM. At lower Mg(OAc)2 concentra-
tions (2 and 4 mM), the reaction persisted for >120 min.
Moreover, at the Mg(OAc)2 concentration of 20 mM, the
reaction persisted although the synthesis rate significantly
decreased at ~45 min.Biophysical Journal 102(2) 221–230
A224 Akama et al.Thirdly, we focused on the time course of the PPi concen-
tration in the reaction mixture. The time at which the PPi
concentration started to decrease was coincident with the
time at which the transcription reaction stopped under the
conditions that the T7 RNAP and NTP concentrations
were varied (Fig. 1, A, B, D, and E). On the other hand,
under the condition that the Mg(OAc)2 concentration was
varied, the times were not coincident at the Mg(OAc)2
concentration of 14 and 20 mM (Fig. 1, C and F).B
FIGURE 2 Analysis of the initial rate of the transcription reaction. (A)
Experimentally measured initial rate of RNA at the various concentrations
of each NTP (0.0, 0.4, 0.8, 1.6, 3.2, and 4.0 mM) and Mg(OAc)2 (2 mM;
solid circles, 4 mM; open circles, 8 mM; solid triangles, 14 mM; open
triangles, and 20 mM; solid squares) concentrations. The RNA concentra-
tion was measured after 5-min incubation, and the initial rate was obtained
by dividing the concentration by 5. (Error bars) Standard deviation of trip-
licate experiments. (B) Fitting result of predicted initial rates of RNA to
measured ones obtained in panel A. Predicted initial rate was calculated
using Eq. 8, and a nonlinear least-square method was used (R2 ¼ 0.96).Experimental analysis of synthesis rate of RNA
To more quantitatively evaluate the influence of the relation-
ship between NTP and Mg(OAc)2 on the synthesis rate,
we measured the initial rate at various concentrations of
NTP and Mg(OAc)2 (Fig. 2 A). The initial rate gradually
saturated with increasing NTP concentration at higher Mg
concentrations (14 and 20 mM). However, at lower
Mg(OAc)2 concentrations (2, 4, and 8 mM), the initial rate
showed a one-time increase and subsequently decreased. As
the Mg(OAc)2 concentrations were decreased, the NTP
concentrations at which the initial rate started to decrease
shifted to lower values. From previous studies, it is known
that NTP4 ion binds with Mg2þ ion to form several kinds
of complexes such as MgNTP2, Mg2NTP, and MgHNTP

(12), and the transcription reaction by T7 RNAP requires
both MgNTP2 and Mg2þ ions for the reaction to progress
(14,22). Consequently, we evaluated the synthesis rate using
a Michaelis-Menten type equation based on Young el al.
(14), given as
V ¼ kapp½T7RNAP ½MgNTP
2
½MgNTP2 þ K1
½Mg2þfree
½Mg2þfree þ K2
; (8)
where [MgNTP2] denotes the lowest value among
[MgATP2], [MgGTP2], [MgCTP2], and [MgUTP2]
concentrations. We calculated [MgNTP2] and [Mg2þ]free
values using the equilibrium calculations (see Materials
and Methods) and fitted the predicted initial rates to the
values measured in Fig. 2 A; this is shown in Fig. 2 B. In
the case where the measured initial rate was negative, we
substituted zero for the actual negative value. As a result,
the predicted values were fully consistent with the measured
values (R2¼ 0.96), and the obtained parameters were kapp¼
2.04 min1, K1 ¼ 0.23 mM, and K2 ¼ 0.094 mM.Experimental analysis of nucleation process
of Mg2PPi precipitation
To investigate the induction period of the Mg2PPi precipita-
tion formation, we obtained the time course of Mg2PPi
concentration by measuring the turbidity of the mixture
without the transcription reaction (Fig. 3 A). The PPi
concentrations were varied from 0.75 to 2.50 mM, and
the Mg(OAc)2 concentration was maintained constant atBiophysical Journal 102(2) 221–2304 mM. As a result, at PPi ¼ 0.75 mM, the turbidity of the
mixture was nearly constant for ~100 min and then gradu-
ally increased. As the initially added PPi concentration
was increased, this period of constant turbidity sharply
decreased. This result confirmed that the induction period
existed and varied depending on the PPi concentration. In
general, it is known that the induction period of sparingly
soluble compounds is decreased in inverse proportion to
the supersaturation ratio. Therefore, we calculated the
supersaturation ratio using Eq. 7 and extracted the induction
period in the time-course data by fitting Eq. 6 (see Materials
and Methods). Fig. 3 B shows the plot of the induction
period against the supersaturation ratio (obtained from
Fig. 3 A), thereby showing that the induction period is
AB
A
B
FIGURE 3 Analysis of induction period of the Mg2PPi precipitation
formation without the transcription reaction. (A) Experimentally measured
time course of turbidity at various PPi concentrations from 2.50 to 0.75 mM
(plots). The time points were 0, 2, 5, 8, 12, 16, 20, 24, 28, 32, 40, 48, and
64 min (2.50, 2.25, 2.00, 1.75, and 1.50 mM), 0, 10, 20, 30, 40, 50, 60, 80,
100, 120, 140, 160, and 180 min (1.25 and 1.00 mM), and 0, 20, 40, 60, 80,
100, 120, 140, 160, 180, 210, 240, and 270 min (0.75 mM). (Error bars)
Standard deviation of triplicate experiments. (Lines) Fitting Eq. 6 to the
mean value of the above experimental data. (B) Plot of induction period
as a function of supersaturation ratio (plots) and fitting result obtained using
Eq. 9 (shown as a line). The induction period was extracted from the time
course data in panel A (see Materials and Methods). The supersaturation
ratio was calculated by the equilibrium calculation (see Materials and
Methods) and Eq. 7, where [Mg2þ]total ¼ 4 mM, each [NTP4] total ¼
0 mM, [Tris] total ¼ 40 mM, [Hþ] total ¼ 25 mM, and [PPi4þ] total were
the added concentrations. The induction period and the supersaturation
ratio are shown in Table S1 in the Supporting Material.
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other sparingly soluble compounds. In addition, the induc-
tion period can be expressed as the semiempirical correla-
tion (6,8,9)
Tind ¼ K
Ur
; (9)
where K and r are empirical constants obtained via fitting toFIGURE 4 (A) Time course of RNA and PPi simultaneously measured
under standard conditions with/without PPase. The time points were 0,
10, 20, 30, 40, 50, and 60 min. (Error bars) Standard deviation of triplicate
experiments. (B) Time course of RNA, PPi, Mg, and turbidity simulta-
neously measured under standard conditions. The Mg concentration is
plotted on the secondary y axis. The time points were 0, 5, 10, 15, 20,
25, 30, 35, 40, and 45 min. (Error bars) Standard deviation of quadruplicate
experiments.experimental data. We fitted this equation to the data ob-
tained from Fig. 3 B. As a result, we obtained the actual
parameters in our experimental system (K ¼ 1.01  107,
r ¼ 3.33, R2 ¼ 0.99). Moreover, the induction period can
be expressed using an equation derived from classical nucle-
ation theory when the nucleation process during the induc-
tion period is homogeneous (7,10,11). Whether or not the
nucleation is homogeneous can be investigated using alogarithm plot (logTind versus 1/log
2 U). Our results by the
logarithm plot indicated the possibility that the nucleation
process in our experiments was not homogeneous (see
Fig. S1 in the Supporting Material). Therefore, we used
Eq. 9 for the description of the induction period.Influence of Mg2PPi precipitation on transcription
reaction
To validate whether or not Mg2PPi precipitation directly
causes the stoppage of the RNA synthesis, we conducted
two additional experiments. In the first experiment, we
added pyrophosphatase (PPase), which hydrolyzes PPi
into Pi, to the time course assay. In the second experiment,
we simultaneously measured the time course of RNA, PPi,
Mg, and turbidity. Fig. 4 A shows the time course of RNA
and PPi with/without PPase under standard conditions.
RNA synthesis stopped after ~30 min without the addition
of PPase, whereas it continued for at least 1 h with PPase
addition. The PPi concentration was kept at nearly zero in
the presence of PPase, thereby indicating that PPase was
active in the transcription reaction. Fig. 4 B shows the simul-
taneously measured time course of RNA, PPi, Mg, and
turbidity under standard conditions. The increase in
turbidity was coincident with the decrease in PPi and MgBiophysical Journal 102(2) 221–230
226 Akama et al.concentrations and the stoppage of the RNA synthesis.
These results indicated that the occurrence of the Mg2PPi
precipitation strongly inhibited the RNA synthesis by
causing the decrease in Mg2þ concentration in solution.Model development
A schematic diagram of the model is shown in Fig. 5, and
we describe the model as the following three parts: tran-
scription reaction; precipitation formation and its connec-
tion with transcription reaction; and influence on
transcription reaction after precipitation.
Transcription reaction
The synthesis rate of transcription reaction expressed by
Eq. 8 can be rewritten as
d½RNA
dt
¼ V: (10)
The rate of release of PPi4, the consumption rates of
each NTP, and the rate of release of hydrogen ions are
expressed as (14)
d½PPi4
dt
¼ ðNall  1Þ d½RNA
dt
; (11)
d½ATP4 d½RNA
dt
¼ NATP
dt
; (12)
d½GTP4 d½RNA
dt
¼ NGTP
dt
; (13)
d½CTP4 d½RNA
dt
¼ NCTP
dt
; (14)FIGURE 5 Schematic diagram showing the relationship between the
transcription reaction and Mg2PPi precipitation formation during the tran-
scription reaction in our in vitro transcription system.
Biophysical Journal 102(2) 221–230d½UTP4 d½RNA
dt
¼ NUTP
dt
; (15)
d½Hþ d½RNA
dt
¼ ðNall  1Þ
dt
; (16)
where Nall denotes the length of the RNA. NATP, NGTP, NCTP,
and NUTP denote the numbers of ATP, GTP, CTP, and UTP
consumed per molecule of RNA, respectively. In addition,
we assumed the inactivation of T7 RNAP during the tran-
scription reaction; this assumption was based on the results
of the study by Arnold et al. (15). The inactivation rate is
expressed as
d½T7RNAP
dt
¼ kd½T7RNAP; (17)
where kd is 0.014 min
1.Precipitation formation and its connection with transcription
reaction
The precipitation formation was calculated based on Eq. 9,
and the induction period was the important index of the
precipitation formation. As the transcription reaction pro-
ceeded, PPi4 and Hþ were released and each NTP was
consumed. Then, 1), by substituting these total ionic
concentrations into the equilibrium calculation, the free
ionic concentrations of Mg2þ and PPi4 were calculated;
2), by substituting these free ionic concentrations into
Eq. 7, the supersaturation ratio was calculated; and 3), by
substituting the supersaturation ratio into Eq. 9, the induc-
tion period was calculated.
Moreover, it was considered that the onset point of the
precipitation formation moved in a direction opposite to
the progress of the reaction as shown in Fig. 6. This
dynamics was implemented using the following procedure.
At step n, the predicted onset point of the precipitationFIGURE 6 Schematic diagram of the Mg2PPi precipitation formation
during transcription reaction. The values t (n), Tind (n), and Tonsetpoint (n)
denote the reaction time, the induction period, and the onset point of the
precipitation at step n, respectively.
AMultiphysics Model of RNA Transcription 227(Tonsetpoint) was first calculated by adding the reaction time
t (n) to the induction period Tind (n):
TonsetpointðnÞ ¼ tðnÞ þ TindðnÞ: (18)
Tonsetpoint (n) was then compared with Tonsetpoint (n1)B
Cbecause Tonsetpoint (n) may be larger than Tonsetpoint (n1),
depending on the decease rate of Tind. The smaller Tonsetpoint
was selected as the predicted onset point because the onset
point does not move in the direction of the reaction progress
after the nucleation starts. At step nþ1, if t (nþ1) is larger
than the predicted onset time that was selected at step n,
then the precipitation begins. The step size in the numerical
simulation is 0.01 (min). This value is sufficiently small
compared with the change of the induction period.
Influence on transcription reaction after precipitation
After the Mg2PPi precipitation began, the Mg2PPi concen-
tration in the solution decreases. The decrease of the
Mg2PPi concentration was expressed as each decrease of
the Mg2þ and PPi4- concentrations in the solution (Eqs. 19
and 20). Based on Quintana et al. (23), the rate of decrease
of Mg2þ is expressed as
d½Mg2þ
dt
¼ Nratiokprecip

½Mg2PPi  ½Mg2PPieq

; (19)
where Nratio denotes the ratio of Mg
2þ contained in theFIGURE 7 Time course of RNA calculated by our developed model for
(A) T7 RNAP concentrations varying from 0.05 to 0.8 mM, (B) NTP
concentrations varying from 0.4 to 4.0 mM, and (C) Mg(OAc)2 concentra-
tions varying from 1 to 20 mM. Unless otherwise stated, the initial values of
other concentrations were [RNA] ¼ 0, [PPi4] ¼ 0, [ATP4] ¼ 0.8 mM,
[GTP4] ¼ 0.8 mM, [CTP4] ¼ 0.8 mM, [UTP4] ¼ 0.8 mM, [Hþ] ¼
25 mM, [T7 RNAP] ¼ 0.1 mM, and [Mg2þ] ¼ 8 mM.Mg2PPi precipitation and the value was 2.0 in the
calculation.
The rate of change of PPi4 was calculated by adding the
rate of decrease of PPi4 to Eq. 11,
d½PPi4
dt
¼ ðNall  1Þ d½RNA
dt
 kprecip

½Mg2PPi
 ½Mg2PPieq

; (20)
where kprecip is 1.0 min
1, and [Mg2PPi]eq is 0.014 mM. The[Mg2PPi]eq concentration value was calculated using
½Mg2PPieq ¼ KMg2PPiKMgPPi½Mg2þ2eq½PPi4eq
¼ KMg2PPiKMgPPiKsp: (21)
Moreover, the term a[Mg2þ]free (a ¼ 0.007) was used
2þinstead of [Mg ]free in Eq. 10.Numerical simulation
Fig. 7 shows the time course of RNA calculated by numer-
ical simulation using the developed model when the initial
concentrations of T7 RNAP, NTP, and Mg were varied. As
observed in Fig. 7 A, the time at which the transcription
reaction stopped reduced as the T7 RNAP concentration
increased. This result was consistent with the experimental
result shown in Fig. 1 A. As observed in Fig. 7 B, the time at
which the reaction stopped gradually increased as the NTPconcentration was increased from 0.4 to 1.6 mM, whereas
the reaction persisted at NTP concentrations of 3.2 and
4.0 mM. These results were in good accordance with the
experimental results shown in Fig. 1 B except for that at
1.6 mM. In Fig. 7 C, when the Mg concentration was
8 mM, the reaction stopped after ~30 min. At lower Mg
concentrations (2 and 4 mM), the reaction did not stop
unlike the case at 8 mM and was gradually saturated. At
higher Mg concentrations (14 and 20 mM), whereas the
synthesis rate significantly decreased after ~20 min, the
reaction persisted for 120 min. Although the synthesis rate
in the calculated results did not fully coincide with the
experimental ones, the overall profile of the calculated
results agreed with the experimental results.DISCUSSION
To begin, we discuss the development of our multiphysics
model coupling the transcription reaction and theBiophysical Journal 102(2) 221–230
228 Akama et al.precipitation formation. In previous studies, a couple of
models of in vitro transcription have been developed taking
into account the Mg2PPi precipitation formation (12–14).
However, these models did not consider the nucleation
process involved in the precipitation formation. In the
previous studies, the Mg2PPi precipitation formation was
analyzed based on the assumptions.
In the first case, the assumption was that the precipitation
starts immediately after the concentration of Mg2PPi
exceeds the solubility limit (13,14). If this was the case,
the PPi4 released by the transcription reaction should start
to decrease at the same PPi4 concentration under the same
Mg2þ concentration.
In the second case, the assumption was that the precipi-
tation starts immediately after PPi4 is released by the
transcription reaction (12). If this was the case, the PPi4
released by the transcription reaction should start to decrease
at the same time as the release of PPi4. However, as shown in
Fig. 1D, PPi4 started to decrease at different PPi4 concen-
trations (additional data are shown in Fig. S2).
In this experiment, the Mg2þ concentration in the solution
should remain constant because T7 RNAP has little influ-
ence on the concentrations of ionic species. Our results indi-
cated that the Mg2PPi precipitation started some time after
Mg2PPi became supersaturated. Therefore, we considered
the existence of an induction period for the Mg2PPi precip-
itation formation and validated it by the experiment
measuring the turbidity of the solution. The increase in
turbidity could be considered as the onset of the Mg2PPi
precipitation because the increase in the turbidity was coin-
cident with the decrease in PPi and Mg (Fig. 4 B). As ex-
pected, the existence of induction period was observed in
Fig. 3 A. Moreover, the induction period was inversely
proportional to the supersaturation ratio (Fig. 3 B). In this
study, the nucleation process was incorporated into the
model of the transcription reaction as the delay time of
the induction period, expressed as Eq. 9 (Fig. 5). Moreover,
we incorporated Eq. 18 into the model to describe the move-
ment of the onset point of the precipitation induced by the
coupling of transcription reaction and the induction period
(Fig. 6).
Next, we discuss the relationship between the transcrip-
tion reaction and the Mg2PPi precipitation after the onset
of the precipitation. Our results indicated that the onset of
the Mg2PPi precipitation strongly inhibited the transcription
reaction (Figs. 1 and 4). Kern and Davis (12) reported a
similar result and concluded that this was due to a lack of
free Mg2þ in solution. We reached the same conclusion
because the rate of the transcription reaction was dependent
on free Mg2þ concentration (Fig. 2 B) and the transcription
reaction did not stop under conditions of higher Mg(OAc)2
concentration (Fig. 1, C and F). In this situation, a question
about the decrease in free Mg2þ concentration caused by the
precipitation arises. In Fig. 4 B, the Mg2þ concentration was
assumed to have rapidly decreased at the same time as theBiophysical Journal 102(2) 221–230onset of the precipitation because the transcription reaction
stopped at the same time as the precipitation (at ~25 min).
However, in fact, the Mg2þ concentration did not decrease
as expected.
These results indicated the free Mg2þ concentration avail-
able for the transcription reaction is lower than the concen-
tration that we predicted by means of ion equilibrium.
Therefore, to incorporate the gap of the free Mg2þ concen-
tration into the model under a minimal assumption, we
introduced a parameter, the decrease rate a, after the onset
point of the precipitation. The parameter a was introduced
as the term a[Mg2þ]free in the synthesis rate of RNA
(Eq. 10) instead of the normal free Mg2þ concentration
([Mg2þ]free). The value of the parameter was chosen by trial
and error. By introducing the parameter, the phenomenon
that the transcription stops immediately after the onset point
of the precipitation was shown in the result of the numerical
simulation. Because the mechanism of the transition from
liquid to solid is quite complex (24) and we cannot analyze
the moment of the transition, it is difficult to directly reveal
the gap by experiments.
We discuss here two phenomenological possibilities
causing the gap of the free Mg2þ concentration. The first
one is the existence of an electrical double layer, which is
the layer of positive and negative ions around the precipita-
tion (25). This electrical double layer may affect the free
Mg2þ concentration and then decrease the concentration
by more than that assumed only by ion equilibrium. The
second one is the physical interaction between the RNA
polymerase and the Mg2PPi precipitation at the moment
of the transition. In the transcription reaction, PPi4 ion is
released from the incorporated MgNTP2 through the
dephosphorylation by RNA polymerase. Therefore, if the
Mg2PPi precipitation occurs immediately after the PPi
4-
ion is released, the precipitation that occurs close to the
RNA polymerase may inhibit the transcription reaction by
the physical interaction. In this case, the transcription
reaction may stop even if the free Mg2þ concentration is
sufficient. A single-molecule assay (22) may enable us to
analyze the possibility.
Then, we discuss the differences between the experi-
mental results (Fig. 1, A–C) and the numerical results calcu-
lated by the developed model (Fig. 7). On the whole, the
time at which the transcription reaction stopped or at which
the synthesis rate decreased in the calculated results agreed
with the time in the experimental results except for that
under the conditions at 1.6 mM NTP, 14 mM Mg(OAc)2,
and 20 mMMg(OAc)2. A possible reason for this difference
is the difference between the actual concentrations of the ion
species and the concentrations calculated by our equilibrium
calculation. The validation of our equilibrium calculation
was difficult because it was hard to directly measure
the concentrations of free ions and ionic complexes. There-
fore, to obtain the clues for improving the equilibrium
calculation, we measured the decrease in the total Mg
Multiphysics Model of RNA Transcription 229concentration in the solution induced by the Mg2PPi precip-
itation, and compared the measured total Mg concentration
with the calculated one. Fig. S3 shows the total Mg concen-
trations obtained by the experiment and the calculation.
We focused on the added PPi concentration from 0 to
3 mM because this range of the concentration was used to
calculate the ionic concentrations in the time course assay.
In this range, the tendency of the total Mg concentration
was consistent between the experiment and the calculation.
However, the rate of increase in the Mg concentration
induced by the addition of NTP was not consistent between
them. Although the increase rate due to the addition of NTP
changed nonlinearly in the experimental result, the increase
rate changed linearly in the calculated one. From this result,
we concluded that the differences in the experimental and
calculated results of the time course of RNA and PPi might
be attributed to the accuracy of our equilibrium calculation
of the interaction between Mg and NTP. If we could obtain
the actual concentrations of free ions and ionic complexes,
our equilibrium calculation could be improved by more
detailed analyses.
Finally, we discuss the advantages of our multiphysics
model developed by integrating the model of the enzymatic
reaction and that of the mineralization. One application of
our developed model is the system-level analysis of bone
formation in living organisms. The mineralization in the
bone formation is the crystallization of hydroxyapatite,
which is a calcium phosphate compound. Similar to our
model, the source of the inorganic Pi in the hydroxyapatite
is produced by the enzymatic reaction (by phosphatase
enzyme) (26–28). This enzymatic reaction is then coupled
with other enzymatic reactions to constitute the reaction
network (29). In other words, the crystallization is one of
the components in the reaction network, and a reaction
network that such contains diverse phenomena by nonenzy-
matic reaction has been difficult to study by using conven-
tional systems biology.
Although the crystallization in living organisms is more
complex than our experimental system because of the
compartmentalization by matrix vesicles and the interaction
of collagen fibril, our multiphysics model will contribute to
the development of a comprehensive mathematical model
for the bone metabolic network as a first step. Moreover,
by integrating a mathematical model such as compartment
models (30,31) that can treat the compartmentalization by
cell membranes and the membrane transport into our model,
it may be possible to address the above problem. On the
other hand, our study revealed the time-delayed negative
feedback regulation through the supersaturated state and
enabled us to treat this regulation with the mathematical
model. In biological systems, temporal dynamics such as
periodic phenomena is important to highly regulate the
system. It is known that the feedback regulation with delay
time generates biochemical oscillation (32). Similar to the
finding in our experimental system, a time-dependent mech-anism may be found by introducing the influence of the
delay time through the supersaturated state into the above
crystallization process.CONCLUSION
In this study, we developed a multiphysics model coupling
an enzymatic reaction and mineralization formation. As
a test case, we selected an in vitro transcription system
involving the transcription reaction and precipitation forma-
tion: 1), We experimentally revealed how the transcription
reaction and the precipitation formation are coupled. 2),
We developed the multiphysics model by applying a
Michaelis-Menten-type equation to the transcription reac-
tion and the model derived from the semiempirical correla-
tion for the precipitation, respectively, and coupling those
models. We believe that our findings and modeling approach
will contribute to the development of models for dynamical
systems.SUPPORTING MATERIAL
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